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ABSTRACT 

Holographic duality relates two radically different kinds of theory: one with gravity, 
one without. The very existence of such an equivalence imposes strong consistency con¬ 
ditions which are, in the nature of the case, hard to satisfy. Recently a particularly deep 
condition of this kind, relating the minimum of a probe brane action to a gravitational 
bulk action (in a Euclidean formulation), has been recognised; and the question arises 
as to the circumstances under which it, and its Lorentzian counterpart, are satished. 
We discuss the fact that there are physically interesting situations in which one or both 
versions might, in principle, not be satished. These arise in two distinct circumstances: 
hrst, when the bulk is not an Einstein manifold, and, second, in the presence of angular 
momentum. Focusing on the application of holography to the quark-gluon plasma (of the 
various forms arising in the early Universe and in heavy-ion collisions), we hnd that these 
potential violations never actually occur. This suggests that the consistency condition is 
a “law of physics” expressing a particular aspect of holography. 



1. A Holographic Consistency Condition 


The essence of holographic duality [1], and the reason for its usefulness [2], is that it 
equates two systems with apparently very different natures and degrees of freedom. In¬ 
tuitively, it must in some sense be “difficult” to arrange this; more formally, there must 
be a whole network of consistency conditions between bulk and boundary which make it 
possible. 

Recently it has been shown that a deep study [3,4] of probe hranes in the (Euclidean) 
bulk can yield a new perspective on holography. In particular, one is led in this way to a 
fundamental consistency condition [5], 


N 

Q* _ Q* 


( 1 ) 


where S* is the (on-shell) gravitational action in the bulk, N is the number of colours in 
the boundary theory, 7 is the scaling exponent for the free energy of the boundary theory, 
and SI is the probe brane action. 

As is emphasised in [5], it is very remarkable that a relation between such different 
objects as S'* and SI can hold at all, and certainly it is not to be expected that it will 
always be valid. The problem is to understand the circumstances in which it is valid; in 
particular, one needs to show that no reasonably realistic physical system is in conflict 
with it. 

A rather simple example of a bulk geometry which does not satisfy this relation is as 
follows. Following [5] , we focus on the Euclidean domain; then it is possible to prove that 
equation (1) will hold if the {d + l)-dimensional bulk is an Einstein manifold (like anti-de 
Sitter space itself) and the following condition is satished: for each hypersurface E in the 
bulk homologous to the boundary, the area^ ^(S) and the volume R(Ms) enclosed by S 
should satisfy the “isoperimetric inequality” 

©E ^ ^ 0, (2) 

Jj 

where, here and henceforth, L denotes the asymptotic curvature scale, and the superscript 
“E” denotes a Euclidean quantity. This condition is certainly satished by all surfaces in 
Euclidean AdSd+i homologous to the boundary, and one can show that it is satished by 
the relevant surfaces in the Euclidean AdS-Schwarzschild geometry when the (Lorentzian) 
event horizon has a spherical topology. 

As is well known [6-9] , however, the event horizon of an asymptotically AdS black hole 
need not have spherical topology and geometry; it can, for example, be modelled on a 
manifold of constant negative curvature. Let be a compact two-dimensional manifold 
of curvature —1 (a Riemann surface), let dr2^[X^^] be its (dimensionless) metric, and let 
I/[X 2 "^] be the corresponding volume. A (Euclidean) four-dimensional asymptotically 
AdS dyonic Reissner-Nordstrom black hole metric of this kind, with mass, electric charge, 

^If these areas and volumes are infinite (because the boundary may not be compact) then we arbitrarily 
choose a compact domain in E and interpret area and volume to refer to that domain. 
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and magnetic charge parameters M, Q, and P, takes the form^ 


^^(AdSdyRNji) 




1 - 


1 - 


SttM 


+ 


47r(-Q^ + P^) 


dr^ 

SttM Att {-Q'^ + P'^) 

VK']r ^ (\/|.Y,-'])"r2 


+ ^],(3) 


where the “dy” in ^^^(AdSdyRNjhenceforth denotes “dyonic”. 

The qnantity ©^(r) in (2) can be compnted directly for this geometry, taking the 
snrfaces S to be the snrfaces r = constant (in which the coordinates are those of the Rie- 
mann snrface, together with Enclidean “time” t). Up to an overall positive mnltiplicative 
factor^, it tnrns ont to be given by 


SttM 


6^(AdSdyRNji)(r) = K 


V'|X 




47r(-g2 + p2) 


SttM 




4n{-Q^ + P^) 1 

(1/1A7'|)V i 


( 4 ) 


where A' is a positive constant (which depends on the black hole parameters). This is 
positive for some snrfaces S bnt not for all: certainly not for those which are far from the 
black hole. The conditions (1) and (2) are violated, so holography simply does not work 
here. 

However, this is not alarming: while this geometry is perfectly well-behaved classically, 
it is not well-behaved when embedded in string theory. For the Lorentzian version of the 
qnantity dehned by eqnation (2), let ns call it ©'"(AdSdyRN^^)(r), is, np to factors 
involving the brane tension, precisely the action of a BPS brane in the Lorentzian black 
hole geometry [10]. This fnnction behaves in mnch the same way as ©^(AdSdyRNj^)(r), 
that is'^, at snfhciently large r it becomes smaller than its valne at the event horizon. 
The black hole will therefore generate arbitrary qnantities of branes by a Schwinger-like 
process [11,12] at snch valnes of r, and these branes will have no tendency to contract 
back into the hole. The implicit assnmption that the spacetime is static is therefore not 
tenable. The absence of this “Seiberg-Witten instability” is the Lorentzian interpretation 
of “consistency” in the sense of [5]. 

Holography implies that the bonndary held theory mnst be pathological in this case. 
In fact, however, we do not need holography to see this: Seiberg and Witten explain 
that the held theory on the bonndary here is ill-dehned, becanse the scalar curvatnre 
at inhnity is evidently negative, and this canses a certain scalar to acqnire an ehective 
negative sqnared mass. In short, the failnre of condition (1) in this example is not a 

^Notice that the coefhcient of is the opposite of that of in the Euclidean case: see below. 

^As usual, Euclidean “time” will always be circular throughout this work; the multiplicative factor 
here includes the circumference of this circle. This comment applies to all of our examples. 

■^©^(AdSdyRN^^)(r) is obtained by reversing the coefficient of in (4) and adjusting the value of 
K accordingly (one can show that it remains positive). Both functions behave in much the same way, 
because the dominant term in the numerator on the right side of (4) is the one involving r, and the signs 
of the other terms are irrelevant when r is large. 
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matter for concern; in any case, the geometry at infinity in this case is not of any great 
interest for applications. 

This discussion prompts the question, however: is this kind of example, with negative 
scalar curvature at inhnity (so that holography is in any case superfluous), the only kind of 
example in which holography is inconsistent? In view of the Lorentzian interpretation we 
have just discussed, that appears to be a reasonable conjecture, and an attempt to conhrm 
it was the subject of [5]. In that work, certain results from the mathematical literature 
[13-15] (see also [16]) were extended to show that the inequality (2) does hold when the 
scalar curvature at inhnity is not negative (more precisely, if the Yamabe invariant of the 
underlying manifold is non-negative) provided that one conhnes attention to Euclidean 
bulk manifolds which are Einstein manifolds like AdS itself. In the simplest cases, then, 
holography is consistent if one can justify working in Euclidean signature and avoids 
negatively curved manifolds at inhnity: in particular, all is well in what is by far the most 
important case, when the boundary is (globally) conformally hat. 

Unfortunately, in applications of holography one is not exclusively or even primarily 
interested in the “simplest cases”, that is, in an Einstein bulk. For example, in the 
application to the quark-gluon plasma [17-21], one needs an electric held in the bulk 
(and the corresponding back-reacted black hole metric) to deal with a non-zero baryonic 
chemical potential in the held theory, and in other applications (for example, [22-25]) one 
similarly needs a fully back-reacted magnetic held in the bulk; in neither case is the bulk 
an Einstein manifold. One has therefore to ask whether the mathematical results used 
in [5] can be generalised to deal with this situation. As we shall discuss, such theorems 
do exist, but they do not help us here. 

More surprisingly, perhaps, the assumption that the bulk geometry is Euclidean can 
also lead to difficulties. As we have seen, the positivity of the quantity in (2) has a 
very explicit Lorentzian interpretation in terms of the demand that a certain brane action 
should not drop below its value at the event horizon of a black hole in the bulk. But as it 
is dehned by the geometry of the bulk, © depends on the black hole parameters, and these 
may differ between the Euclidean and Lorentzian versions of the geometry. This difference 
can affect the asymptotic behaviour of ©; and it can happen that the Euclidean version 
is well-behaved while the Lorentzian version is not^. It will turn out that this problem 
can arise even when the bulk is an Einstein manifold. 

Now, as we have seen, “holographic inconsistency” has a different interpretation in the 
Lorentzian and Euclidean cases. In the latter, it is a genuine mathematical inconsistency 
and is therefore completely unacceptable. However, the Lorentzian version is associated 
with an instability, which takes time to develop — and, in applications, one is sometimes 
dealing with an extremely short-lived system (like the quark-gluon plasma formed by a 
heavy-ion collision), which may not survive for a time sufficient for the instability to be 
relevant. We can therefore state the case as follows: we consider that holography is only 
fully consistent when 

(a) the Euclidean version is well-behaved, and 

®We are not aware of any examples in which the reverse is the case, that is, in which the Lorentzian 
behaviour is better than the Euclidean; one suspects that this is not possible. Of course, it is possible 
for both to behave badly, as we saw above. 
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(b) the Lorentzian version is also well-behaved, unless the system exists for a sufficiently 
short period that any Lorentzian misbehaviour would not have sufficient time to 
disturb the entire bulk geometry, particularly the vicinity of the event horizon in 
the case of a black hole bulk spacetime. 

Granting all this, we see that considerations like those of [5], assuring us that the 
Euclidean quantity will always behave well when the bulk is Einstein and the Yamabe 
invariant at inhnity is non-negative, are important and necessary, but not sufficient to 
settle the question of consistency. 

We will see that the question we have raised — is holography ever inconsistent in 
a “physically reasonable” situation? — has no straightforward answer; that is, there 
is no simple algorithm for deciding the question. We have to resort to a case-by-case 
consideration, and, in this work, we shall consider several concrete examples (all involving 
applications of holography to the quark-gluon plasma). The remarkable conclusion we 
reach is that, despite the apparent absence of any general way of determining whether 
holography is consistent in the sense of [5], it is consistent in all of these very diverse 
examples. This seeming coincidence suggests that the consistency of holography, expressed 
in this context by equation (1), has the character of a “law of physics” (as opposed to a 
mere technical question that can be settled purely mathematically). 

Because the mathematics is more straightforward, it will be simpler to begin with the 
non-Einstein case. 


2. The Non-Einstein Case I: Dyonic Planar AdS Black Holes 


We begin with a “dyonic” four-dimensional black hole with a planar [6-9,23] event horizon, 
the planar case being the one of greatest interest for applications. The four-dimensional 
asymptotically AdS dyonic Reissner-Nordstrom metric with planar (zero-curvature) event 
horizon takes the form 


^(AdSdyRN°) 



SttM* ^ 47r(Q*2 + 





dr^ 

MM* ^ 47r(g*2 + 


-l- 


dV’^ + dC^ 


( 5 ) 


where ■0 and C, are dimensionless planar coordinates, L is the asymptotic AdS curvature 
radius, and M*, Q*, and P* are geometric parameters related to the mass and electric and 
magnetic charges per unit horizon area. (Such parameters are necessary here in case the 
event horizon is truly planar, that is, not compactihed.) For all values of the parameters, 
the spacetime at inhnity can be interpreted as a three-dimensional spacetime (signature 
(— -|- -f)) embedded in a hat spacetime (in the application to heavy-ion collisions) or 
in a globally conformally hat spacetime (such as an FRW cosmology with hat spatial 
sections; the boundary then corresponds to the three-dimensional spacetime associated 
with a specihc two-dimensional plane, which, by isotropy and homogeneity, can be chosen 
arbitrarily). 
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(6) 


The event horizon is located at r = r/^, given by a solution of 


'h 

L 2 


SttM* 

Th 


47r(Q*2 + p*2) 

' h 


0 . 


This quartic has a positive real solution (that is, cosmic censorship is ensured) provided 
that 

Q 97 

(p*2 p g*2^3 ^ 

The metric ^'(AdSdyRN^) is not an Einstein metric if either charge is non-zero; the 
Ricci tensor has two terms, one proportional to the metric, the other to the stress-energy- 
momentum tensor associated (outside the black hole) with a (dimensionless) electromag¬ 
netic potential form given by® 


A 


rL 



( 8 ) 


Equation (8) is of basic importance here, because it teaches us how to perform the 
continuation to the Euclidean domain. Since t is complexihed {t —)■ it) but "0 and ( 
are not, it is clear that Q* must be complexihed {Q* -9- —iQ*) but P* must not. The 
Euclidean version of 5 f(AdSdyRN 4 ), let us call it (^^(AdSdyRN®), therefore takes the form 


^®(AdSdyRN°) 


L 2 


SnM* 47r(- Q*^ + P*^) 
T o 


df 
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dP 


P SnM* 47r(- Q*^ + P*^) 

L 2 r r2 


d02 + dC^ 


(9) 


A “Euclidean event horizon” (which of course is just a regular point in the t — r plane, a 
particular copy of the two-dimensional space parametrised by 0 and (C), located at r = rj^, 
can be dehned in the obvious way; by reversing the coefficient of Q*^, one sees from the 
inequality (7) that, if the Lorentzian event horizon exists, then so must the Euclidean 
version. 

In equation (9), one should think of t as being compactihed, and it will be convenient 
also to compactify 0 and (. The topology at inhnity is then that of a three-dimensional 
torus, which has zero Yamabe invariant; by the theorem of Wang [14,15], therefore, if this 
manifold were an Einstein manifold, the quantity © would have to be non-negative and 
then, by the argument in [5], condition (1) would have to be satished. 

Since the manifold is not Einstein, we need to consult the mathematical literature to 
determine whether Wang’s result can be generalised accordingly. Such results were dis¬ 
cussed by Witten and Yau [26] and improved by Cai and Galloway [16], and are discussed 
from a physics point of view in [27] . The details are complicated, but can be summarized 
as follows. 

If a (four-dimensional) Riemannian asymptotically hyperbolic' manifold is Einstein, 
then the eigenvalues of the Ricci tensor are all equal to —3/L^. If it is not Einstein, then 

® Strictly speaking, one needs to fix the gauge in such expressions (by adding certain constants to the 
components of A) so that the Euclidean version of the potential form is regular everywhere. We shall 
dispense with these constant terms here and henceforth, since they play no role in this work. 

^The “asymptotically hyperbolic” condition is the Euclidean analogue of “asymptotically AdS”. 
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the eigenvalues are functions of position which merely approach —3/L^ towards inhnity. If 
we denote the eigenvalue functions by Rj, then results generalizing Wang’s theorem [14,15] 
can be obtained provided that, for each j, Rj + (3/L^) ^ 0 everywhere and provided 
that the functions Rj + (3/L^) approach zero “sufficiently quickly” towards the boundary; 
the reader can obtain a more precise statement from [16]. 

Unfortunately, a detailed calculation given in [27] shows that, in the case of an electro¬ 
magnetic field in the bulk (or any other gauge field), while all of the functions Rj -|- (3/L^) 
do approach zero sufficiently quickly towards inhnity, not all of them can be non-negative 
in the Euclidean case. Thus, these generalised theorems do not help us; and in fact we 
will see that there can be no straightforward mathematical statement in this case. 

Instead, let us resort to a direct calculation of for this metric. This was done in 
the Lorentzian case in [25]; the Euclidean version is then, again up to an overall positive 
factor. 


©^(AdSdyRN°)(r) = - 

1 + 

Notice that ©^(AdSdyRN 4 )(r) vanishes at the Euclidean event horizon, that being the 
origin of coordinates in the t — r plane. (The related Lorentzian brane action must likewise 
vanish at the Lorentzian horizon.) It is easy to see that it is then positive as r increases, 
but its subsequent behaviour is less easy to guess. 

In fact, a straightforward analysis (see [25] for the details in the Lorentzian case) shows 
that this function is always positive if and only if 

47r(P*2 _ ^ (r-f)h (11) 

It is clear that this will automatically hold in some cases, but we will see that it sometimes 
does not: thus indeed it is the case that, when the bulk is not an Einstein manifold, 
condition (2) can be violated even though the Yamabe invariant at inhnity is not negative 
here. In those cases, we need a physical interpretation of this fact, so that we can judge 
whether holography fails to be consistent in a physically realisable situation. 

At this point it is convenient to focus on the two simplest special cases of this inequality, 
treating them separately. 

2.1 The Purely Magnetic Case 

We begin with a purely magnetically charged black hole, Q* = 0; the holographic dual is 
a plasma with zero or negligible baryonic chemical potential (see below), permeated by 
a transverse magnetic held with intensity related to P* (see equation (8) above). In this 
case, the Euclidean and Lorentzian versions of the quantity © coincide, so we can state the 
physical meaning of the inequality (11) by quoting directly from the conclusions of [24], 
where this case was investigated in detail: one hnds in this case that (11) is equivalent to 

B ^ (12) 


-SttM* + 


Airi-Q*^ + P*^) 


/L 


(rfr 

L3 


^ 87rM*L^ ^ 47r(- Q*^ + P*^)L^ 


+ 


( 10 ) 
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where B is the magnetic held strength (dehned in terms of the hux through a two- 
dimensional surface) associated with the boundary theory, and T is the Hawking temper¬ 
ature of the black hole (and therefore, by holography, the temperature of the boundary 
held theory). Thus, if we accept the claim that the boundary held theory resembles a 
strongly coupled quark-gluon plasma with negligible baryonic chemical potential but sub¬ 
jected to a transverse magnetic held, the fundamental consistency condition (1) forbids 
the magnetic held to be extremely large relative to the squared temperature. 

It is interesting that an abstract consistency condition can be related in such a direct 
manner to the physical parameters of a quasi-realistic physical system; in fact, the con¬ 
sistency condition is making an unexpected physical prediction, that the inequality (12) 
must hold if the plasma does admit a holographic description. Notice in this connection 
that this case is quite unlike the one, considered earlier, with a bulk containing a black 
hole with a negatively curved event horizon; for, in that case, we did not need holography 
to inform us that the boundary theory might be pathological: that was clear from the 
coupling of a certain scalar to the boundary scalar curvature. Here the boundary has zero 
scalar curvature, indeed it is flat, so holography reveals something genuinely novel. 

But do real plasmas actually satisfy (12)? As a matter of fact, it is well known 
that gigantic magnetic helds (of the order 10^^ gauss or more) do arise in two actual 
quark plasma systems: in the plasma generated by peripheral collisions at heavy-ion 
colliders [28-31], and during the plasma era of the early Universe [32-34]. In both cases, 
however, the temperature is also enormous, so the status of (12) is unclear. 

If we consider a plasma temperature around the hadronization temperature (say, 150 
MeV) which is a natural choice® in view of the possibility that the plasma may be less 
strongly coupled at significantly higher temperatures, then (12) takes the explicit form 

eB < 3.6 X 10^® gauss. (13) 

Interestingly, this is just above the estimated maximal magnetic fields attained in collisions 
at the RHIC facility [28]. The ALICE facility at the LHC [35] observes the plasma at 
about twice this temperature, but also at signihcantly higher values of R, and it is possible 
that the ALICE plasma comes very close to saturating (12). 

However, it may be premature to attach much importance to this, for several rea¬ 
sons. Most importantly, the magnetic helds generated in heavy ion collisions are very 
short-lived, perhaps too short-lived for the Seiberg-Witten instability (discussed in the 
preceding section) to affect them [36]; also, they are associated with extremely large an¬ 
gular momentum densities, which we are not taking into account here, though it is known 
that they are important holographically [37-39]. Let us turn, then, to the case of the 
cosmic plasma, where these complications do not normally (but see [40]) arise®. 

In this case, a huge magnetic held might be present at the end of the cosmic plasma 
era, surviving from certain ehects during the Inhationary era: see [32,33]. However, the 

®In the case of cosmic magnetic fields, the choice of temperature is not important because B and 
are normally assumed to evolve in the same way with the cosmic expansion, so (12) will be satisfied at 
all temperatures if it is satisfied at any given temperature during the plasma era. 

®The cosmic plasma endures for a period of time (several microseconds) which is very long by strong- 
interaction standards, so, if it violates (12), there will be more than sufficient time for the corresponding 
instability to develop; in other words, the system would then be inconsistent in both the Euclidean and 
Lorentzian senses. 
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maximal estimated size of the magnetic field (at hadronization) in this case is [24, 25] 
around 3.7 x 10^”^ gauss, which still satishes (12). 

To summarize: holographic consistency (in both senses) can, in principle, be violated 
by a concrete physical system with a non-Einstein holographic dual: a relatively long-lived 
quark-gluon plasma inhabiting a flat (or conformally flat) spacetime, accompanied by a 
sufficiently large magnetic held. In fact, however, no known example of such a plasma has 
a magnetic field which clearly violates the inequality (12). 

2.2 The Purely Electric Case 

In contrast to the magnetic case, in the purely electric case {P* = 0), inequality (11) is 
clearly automatically satished for all values of Q*. The case P* = 0 in 5 f^(AdSdyRN 4 )) 
therefore provides us with a concrete example of a non-Einstein, Euclidean bulk in which 
the condition (2) is indeed satished everywhere. That is, a non-Einstein bulk does not 
necessarily violate (2). 

If we consider only the Euclidean case, we will conclude that holographic consistency 
always holds in this case. But if we require also that the Lorentzian version of the system 
should be well-behaved, then we have to require (from (11)) that 

^ (r,)^ (14) 

where is now the coordinate of the Lorentzian event horizon, and it is no longer clear 
that this will always hold. 

The implications of imposing (14) in the Lorentzian case were explored in [25]. As 
is well known [41], the electric charge of the black hole is related holographically to the 
baryonic chemical potential of the boundary held theory, /i^. The relation is however not 
the same as the relation of P* to the boundary magnetic held, so the physical interpreta¬ 
tion takes a quite diherent form. As in the previous section, and for the same reasons, it 
is difficult to apply our results to the case of the plasma produced in heavy-ion collisions; 
in any case, such plasmas normally have very low values oi fiBi certainly at ALICE [35]. 
(The next phase of the beam scan experiments at RHIC [42,43], and future experiments 
at FAIR [44], are expected to change this situation, however.) 

We therefore turn again to the cosmic plasma, assuming as usual that it resembles the 
boundary held theory. Here too, the conventional description involves a plasma with a 
very low value of /is; but recently a new theory of the evolution of the cosmic plasma has 
been suggested, the “Little Inhation” theory [45-47]. In this approach, /is/T, where T is 
the temperature of the plasma, can be quite large, well above unity. This is reconciled with 
the observed baryon asymmetry by postulating that the end of the plasma era is triggered 
by the decay of a false QCD vacuum, associated with a hrst-order phase transition to the 
hadronic state. This is an interesting new approach to early universe cosmology, and it is 
possible that some of its many concrete predictions may be conhrmed in the reasonably 
near future. 

One expects the inequality (14) to be relevant to this theory, and so indeed it is: in [25] 
it is shown that (14) is equivalent to the restriction 

PLb/T ^ (1 - 2^/3 ^ 2^/3) ^ 2.353. (15) 
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This is a very strong condition in the “Little Inflation” context, and, as explained in [25], 
it forces the cosmic plasma to hadronize quite close to the quark matter critical point [48], 
where very distinctive phenomena analogous to critical opalescence [49] may soon be ob¬ 
served in the beam scan experiments mentioned earlier. It is not hard to imagine that such 
fluctuation phenomena might prove to be irreconcilable with cosmological observations; 
in which case one might eventually be led to conclude that “Little Inflation” actually 
involves values of ps/T well above 2.353. (This would not be a problem for “Little In¬ 
flation” itself, where values of /xs/T far larger than this — up to ~ 100 — are quite 
acceptable.) In short, it is perfectly conceivable that near-future observations will indi¬ 
cate that Lorentzian holographic consistency is violated in “Little Inflation” cosmology, 
although Euclidean holographic consistency always holds. 

However, at present there are many unknowns here: for example, even the location 
of the critical point in the quark matter phase diagram remains controversial [50], and 
of course “Little Inflation” has itself yet to be confirmed. At present, then, we have no 
convincing evidence to suggest that (15) is violated, even though, in principle, it might 
be: see [25] for the details. 

To summarize in a manner parallel to the summary at the end of the preceding section: 
the Lorentzian version of the consistency condition (1) can, in principle, be violated 
by a concrete physical system with a non-Einstein holographic dual: a relatively long- 
lived quark-gluon plasma inhabiting a flat (or conformally flat) spacetime, described by 
a sufficiently large baryonic chemical potential. In fact, however, no known example of 
such a plasma has a baryonic chemical potential which clearly violates the ineguality (15). 

Summarizing this entire Section: in the case of a non-Einstein bulk, one has no guaran¬ 
tee that Euclidean holographic consistency will be satisfied, even if the conformal bound¬ 
ary has zero Yamabe invariant; and one has a concrete example (the purely magnetic 
case, above) where it is not satisfied, but this requires magnetic fields stronger than any 
confirmed actually to exist. On the other hand, one also has a concrete example (the 
purely electric case) in which Euclidean holographic consistency does hold for all values 
of all parameters, yet in which Lorentzian consistency can fail in principle: but, once 
again, no known system actually does cause it to fail. 

3. The Non-Einstein Case II: Scalars in the Bulk 

Electromagnetic fields are of course but one way of causing the bulk to be non-Einstein. 
Another form of bulk matter important in holographic applications is defined by scalar 
(dilaton) fields. These are important in, for example, the holographic theory of the quark 
matter equation of state: see [51] for a recent example with many references. 

As in the example at the end of the preceding section, one is interested here in elec¬ 
trically charged^^ dilatonic black holes in an AdS background. A generic scalar potential 
leads to black holes which are not asymptotically AdS in the strict sense [54-56]; we will 

^°For the sake of simplicity, in this section we consider only electrically charged black holes. The 
magnetic case can be studied using electromagnetic duality: bear in mind, however, that the string metric 
transforms non-trivially, because under the electromagnetic duality the dilaton transforms according to 
(j) —>■ —f. The dyonic solution is non-trivial even in the asymptotically flat case, since the presence of 
both electric and magnetic charges necessitates the presence of an (antisymmetric 3-form) axion field. 
See [52,53]. 
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confine ourselves here to black holes which are asymptotically AdS. These are the Gao- 
Zhang black holes [57]. These too have important applications; for example they have 
recently been used to good effect in the holographic theory of the thermalization of the 
quark plasma [58]; this is in fact one of the most active areas of applied holography. 

The construction of the Gao-Zhang black holes is highly nontrivial: Gao and Zhang 
were forced to use a combination of three Liouville-type potentials. The corresponding 
action in n-dimensional spacetime is 




IbTT 


j 


R- 


4q0 


n — 2 


(V0)" - V{(j)) - e-^F 


a ^ 0, 


(16) 


where a is the coupling of the dilaton to the electromagnetic field. 

The exact form of the potential is rather complicated, and is not important for our 
discussion here. In the case a = 0, the potential reduces to the (negative) cosmological 
constant, and the dilaton held is identically zero (see for example equation (5) of [58]). 
Note that, in many applications of holography, especially if one is only interested in the IR 
physics, then the precise details of the potential are not required for determining the low- 
energy behavior arising from the near-horizon geometry. This allows one to work with an 
effective action with its corresponding approximate black hole solution. However, for the 
purpose for analyzing Seiberg-Witten instability, such an effective action is not suitable 
since branes are sensitive to the global geometry of the spacetime. In other words, we 
wish to study the brane action not only for the near-horizon region, but at all values of 
coordinate radius r. Therefore we conhne our attention to an exact solution of Gao-Zhang 
type. 

The Gao-Zhang black hole solution [57] (or, in our terminology, the n-dimensional 
asymptotically AdS dilatonic Reissner-Nordstrom black hole) is of the form 

(^(AdSdilRNj:) = -U{r)dt^ + W{r)dr^ + [f{r)]W[X^_,], (17) 


where is a (dimensionless) metric on X^_ 2 , a (n—2)-dimensional Riemannian manifold 
of constant curvature k. The coefficient functions are 


' 

U{r) = 

< 

W{r) = 



1—7(n—3) 


+ 


L2 


t/(r)-i 



— 7 (n—4) 




1 



(18) 


and 



7 


2a^ 

{n — 3){n — 3 + cx^) ’ 


(19) 


where 7 is of course unrelated to the constant in equation ( 1 ), and where b and c are 
constants related to the physical mass and electric charge by the equations (see [59]) 
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[n 
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f n — 3 — Q^\ 
\n — 3 -I- cx^y 
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( 20 ) 
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Q = 


vixt^] 


Att 


{n — 2)(n — 3)^ 
_ 2(n - 3 + a2) 


(6c 


.n— 3 


( 21 ) 


where V[X^_^ is the dimensionless volume of X^_ 2 . 

In four dimensions, and for zero spatial curvature fc = 0, we have 


U(r) = — 
r 


b' 

1 - - 
r 


2 r 

1 + 0.^ 

+ 15 


1 -t 

r 


l+a^ 


( 22 ) 


and W{r) = U{r) Note that for this class of AdS black holes, gttgrr = —1 only holds 
in four dimensions'^. We also have 


h\ 1 +“^ 

f(r)‘ = C ( 1 - - 


(23) 


The mass and charge density parameters are given by 


^ C Q 

M = -= — O = ——— 

V[XI] Stt’ V[XI] 


be 


dvr \ 1 + CK^ 


(24) 


Thus, under Wick rotation to Euclidean signature, Q*^ —)■ —Q*^ implies b —b. 

The (Euclidean) quantity for this metric, up to the usual positive constant factor, 

is 


©^(AdSdilRN°)(r) = r2 


r 


l + a^ 


f b 

T^V^r 


1 + a^ 


Ai + t 

r V T 


l + a^ 


(25) 
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[lAl 
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Q 2 r 

do: 

b 

l+a^ 

1 H— 


r 



ds 


cL^ 

7r(i + - 


(26) 


pr 

/ 

[lAl 


s 


l+a^ 


ds. 


where r® is the value of r at the “Euclidean horizon”. 

Since the action is rather complicated, and since in general there is no closed form 
expression for r®, let us £x r® = 1 in some unit of length. This hxes the relation between 
the parameters b and c, and because the Euclidean horizon satishes 


1 - 


cL^ 


' h 


1+a^ 


= 0 , 


(27) 


is possible to use a coordinate system (t, R, ip, Q, in which it, unlike r, is an areal radius, and ip, (p 
are coordinates on a flat space. But then gttgRR even in four dimensions. See [60]. 
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we have (1 + b) 


cL^. The action is now 


e^(AdSdilRN°)(r) 




o 2 r 

3q: 

b 

l+a^ 

1 H— 


r 



(1 + &) 


a^ + l 



1 + a^ 


ds. 



1-3q^ ~| 2 

1+q2 


(28) 


A numerical investigation indicates that the Euclidean action is always positive (an 
example is provided in Figure (1)). In fact, for large r, by expanding in powers of r, it can 
be shown that ©®(AdSdilRN 4 )(r) grows linearly in r. Specihcally, we have asymptotically, 


6 ’^(AdSdilRN 4 )(r) ~ ——- —r + const (a). (29) 

2L(1 + 

Here, the term const(a) is an a-dependent constant. For a = 0 (the electrically charged 
AdS-Reissner-Nordstrom case), the constant term is the only term that survives as r tends 
to inhnity, and it is positive. 

Recall that for AdS Reissner-Nordstrom black holes with flat event horizons but no 
scalars or magnetic charges, this quantity is likewise everywhere positive. Thus, the 
introduction of the dilaton does not change the situation, for any value of the dilaton 
coupling. 



Figure 1: The Euclidean brane actions S®(r) of the Gao-Zhang black hole (up to a positive factor) with various values 
of the dilaton coupling parameter a, the same charge parameter b = 0.7, and horizons held fixed at = 1. Here we set 
L = 1, however the value of L only contributes an overall factor to the action, and thus does not affect its positivity. 


It is otherwise in the Lorentzian case, however (although in both Euclidean and 
Lorentzian cases, the effect of the dilaton held is to increase the value of the brane ac¬ 
tion). This case was investigated at length (in hve dimensions, but the four-dimensional 
situation is similar) in [61], to which we refer the reader for the details. To summarize: 
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• If we fix the Lorentzian horizon at = 1 and repeat the calculation above, we hnd 
that the Lorentzian action is negative (for sufficiently large electric charge) in some range 
of r if 0 < a < Oc < 1 , where ac is a critical value^^ of a (which we estimate numerically 
at around 0.53) although it eventually turns around and asymptotically grows linearly 
in r according to the same expression above (equation (29)), which only depends on the 
square of b. (In hve spacetime dimensions, the action grows logarithmically in r [61].) 
Of course, const (a) is different in the Lorentzian case. This is quite different to the case 
without a dilaton, in which, for sufficiently large charge, the action becomes negative and 
stays negative, that is, const(a) is negative if a = 0; see Figure (2). As was pointed out 
by Maldacena and Maoz [11], actions of this kind represent a relatively benign form of 
instability, since the region with negative action is finite: presumably the system evolves 
to some nearby state rather than getting entirely out of control. Nevertheless, this does 
suggest that, at high values of the electric charge, values of a smaller than ac should 
not be considered internally consistent in the sense we are studying here. In short, the 
situation here has a similar physical interpretation to the one studied in the preceding 
section: when a < ac, holographic consistency imposes an upper bound on Hb/T, the 
ratio of the baryonic chemical potential to the temperature. (This bound will take the 
form of an a-dependent version of the inequality given by (15) above.) 

• If a > ttc, then the Lorentzian action is positive for all values of the charge: holo¬ 
graphic consistency imposes no restrictions in either the Euclidean or the Lorentzian case. 

These results are potentially of great interest in the application of these black holes to 
the question of the thermalization of the quark-gluon plasma, as studied in [58]. There 
it was found^^ that there is an (a-dependent) upper bound on hb/T when a > 1 , but 
no restriction whatever when a < 1 ; this bound is not due to any instability, but rather 
simply to the form taken by ps/T as a function of another parameter (the saturation time; 
see Figure 3 in [58]). In other words, there is a bound on p^/T when the dilaton is strongly 
coupled («>!). What we are Ending here is that there is also such a bound, imposed 
by holographic consistency, in the weak dilaton coupling regime (0 < a < ccc < !)• 

The holographic bound, in the weak-coupling case, is presumably weaker (that is, 
higher) than in the case considered in the preceding section. If forthcoming data should 
violate the bound discussed above (inequality (15)), then one might try to use the a- 
dependent version of it to avoid the conflict. The role of holography would then be to put 
a lower bound on a. We conjecture that the strong-coupling bound might likewise be used 
to put a useful upper bound on it. The task then would be to use the range of a values 
so obtained to constrain the values of parameters more directly related to observations, 
such as thermalization times. This has yet to be done. 

^^One must be careful when normalizing the position of the horizon (and r®), since although this 
preserves the qualitative behavior of the brane action, quantitative features can be affected. This means 
that given a normalization value of say = s > 0, the critical value of a is actually dependent on 
s. The actual critical value should be defined as the smallest value of a such that the brane action is 
non-negative (for all admissible values of b), independent of s. The asymptotic behavior of the action 
given by equation (29) remains unaffected by normalization choice; more specifically, only const (a) is 
normalization-dependent. 

^^It is true that the metric used in [58] is not the Gao-Zhang metric itself, but rather a Vaidya-like 
deformation of it. However, we doubt that this will change the qualitative conclusions we are drawing 
here. 
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Figure 2: The corresponding Lorentzian brane actions ©^(r) of the Gao-Zhang black hole (up to a positive factor) with 
various values of the dilaton coupling parameter a, the same charge parameter b = 0.7, and horizons held fixed at = 1. 
Here we set L = 1, however the value of L only contributes an overall factor to the action, and thus does not affect its sign. 
Note that the case o: = 0 reduces to an electrically charged Reissner-Nordstrom black hole, discussed in subsection (2.2), 
which in this case tends asymptotically to the value —0.6. For a ^ 0, the action always grows asymptotically in r. 


In summary, the situation in this case is less clear, since the theory is less fully de¬ 
veloped than in our earlier examples; all we can say dehnitely is that, while Euclidean 
consistency is certainly satished here, Lorentzian consistency is not automatic and may 
ultimately prove useful in constraining the key parameter a. One can hope that, when the 
subject of holographic thermalization (or “dilatonic holography” more generally) is more 
mature, it will be possible to investigate more fully whether the Lorentzian consistency 
condition is satished here. At present, there is no reason to suspect otherwise. 

4. The Einstein Case 

We saw in the preceding sections that, because (some) black hole parameters are affected 
by complexihcation, good behaviour in the Euclidean case does not necessarily ensure 
equally good behaviour in the Lorentzian case. One might be tempted to argue that 
this problem is due to the presence of matter in the bulk, since, after all, the difficulty 
arises from the presence of electromagnetic helds, and from the complexihcation of the 
electric charge. Unfortunately that is not so: the various bulk spacetimes endowed with 
angular momentum are still Einstein manifolds in some cases, but, in every case, the 
angular momentum parameter has to be complexihed in the passage to the Lorentzian 
domain, and we will see that this can have consequences similar to those associated with 
complexifying electric charge. 

We will consider two cases: topologically spherical event horizons, and their planar 
counterparts. 
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4.1 AdS-Dyonic-Kerr-Newman with Topologically Spherical Event Horizon 

The four-dimensional asymptotically AdS dyonic Kerr-Newman metric with a topologi¬ 
cally spherical event horizon (which we continue to indicate by a (+1) superscript, though 
the actual geometry is not that of a round sphere) [62] takes the form, in Boyer-Lindquist- 
like coordinates. 


^(AdSdyKNf) 


sin^^A 


n 2 


df — —sm^9d(j) 






adf — 




d 0 


(30) 


where again the “dy” denotes “dyonic” and where 


A^ 

^0 


2,2 2 /] 
r -|- a cos 

id -F a^) -h 
l-^cos20. 



— 2Mr -|- 


dvr 


(31) 


Here —XjL? is the asymptotic curvature, a is the angular momentum/mass ratio, and 
M,Q, and P are related to the physical mass E, electric charge q, and magnetic charge 
p, by (see [63]) 

E = M/E\ q = g/S, p = P/S; (32) 

note that all of these depend on the angular momentum. As before, this metric is not, in 
general, an Einstein metric; but it is Einstein when P = Q = 0, for any value of a. That 
is the case in which we are most interested here; but it will be interesting to retain Q and 
P so as to study the general case. 

This black hole corresponds holographically to a rotating quark-gluon plasma [64,65] . 
In fact, it is expected that, under some circumstances (connected with the viscosity of 
the plasma), the plasma produced in a peripheral heavy-ion collision will indeed have a 
strong rotational motion [66,67], so this geometry supplies a holographic description of 
that motion. (In other cases, the internal motion of the plasma is a shearing rather than 
a rotation: see the next section.) 

Now the geometry of the spacetime described by (30) is, unless we impose a certain 
condition, rather peculiar. In particular, consider the function Ag: in general, this func¬ 
tion does not have a fixed sign, being positive in directions near the equator, but possibly 
negative towards the poles. If indeed A^ does change sign in this way, then the signature 

of the metric (outside the event horizon) changes from (— H—h +) to (— -|--) as one 

rotates from the equator to the poles, so that, in particular, the geometry at conformal 
inhnity (r —)■ cx)) has signature (— — —) in some directions, (— -1- -|-) in others. This 
bizarre behaviour is unphysical from a holographic point of view, indeed probably from 
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any point of view^^, so we have to impose the condition^^ 


< 1 ; 


(33) 


this strange relation between the angnlar momentnm/mass ratio of the black hole and 
the asymptotic spacetime curvatnre is the only way to ensnre that remains positive 
for all 9. This apparently recondite point will in fact be crncial for onr later discnssion. 

The electromagnetic potential form in the exterior spacetime is given by (see [70] for 
the asymptotically flat case) 


A 


QEr 
4:71 p'^ 



asin^O , , 
——d0 


P ^ cos6* , , 

—:—— a at -—— ad) 

47rp2 [ ^ 


(34) 


From this one sees that a mnst be complexihed (a —>■ —ia) along with Q (Q —>■ —iQ) 
when passing to the Enclidean version [t —)■ it), while, as nsnal, P mnst not. 

Up to the nsnal overall positive factor, ©^(r) for this geometry takes the form [71] 


©^(AdSdyKN°)(r) 


(r'^ - a))(l + ’4) - 2Mr - x 


1 r .a 

] 2r^ 


\ 1 -y H— arcsm- 

)■ -^ 

1 -^ 

\ a r 

J ^ 

j,2 


2(r 


E\3 
h ) 


(rir- 


(35) 


where r® has the nsnal meaning. 

Extensive nnmerical tests strongly snggest that this is a positive fnnction of r for all 
r > rj^. One can see that this is the case at large r by expressing this fnnction in the 
form 


©^(AdSdyKN°)(r) 


rL 



+ 


2Kr f. 

L [ (rf)2 


2ML + 0(l/r). (36) 


One sees that there are two terms that do not decay towards inhnity: a linear term and a 
constant term. The dominant term here is of conrse the one linear in r, and it is clearly 
positive, so the fnnction is certainly positive at large r; in fact it is almost certainly 
positive everywhere, so the consistency condition, eqnation (2), is satished. That had to 
be so when Q = P = 0, since ^'^(AdSdyKN^^), the Enclidean version of the metric here, 
is an Einstein metric in that case, and it indnces a conformal strnctnre at inhnity which 
evidently has a positive Yamabe invariant: so Wang’s theorem applies. However, it was 
not clear that it wonld hold in the charged case. 

More remarkable, becanse (as we have seen) it does not follow from the resnlt in the 
Enclidean case, is that the Lorentzian version of this qnantity, 

SHAdSdyKNj)(r) = ri ([l - Y]) + (l + ^) “ + 0(l/r), (37) 

^'^Note that this is not like the more familiar signature change discussed in, for example, [68], or more 
recently in [69]. 

^®The case with ad jl? = 1 is excluded because then, by the equations (32), the parameters M,Q,P 
have no physical interpretation. 
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is also positive at large values of r; in fact, again, the numerical evidence [71] very strongly 
suggests that it is positive everywhere outside the black hole. This would not be so if it 
were possible for the angular momentum/mass ratio a to satisfy a^/L^ > 3/2, but that is 
forbidden by the inequality (33) given above. Notice that the complexihcation of Q plays 
no role here: it does of course affect the numerical details (because reversing the sign of 

affects the value of r at the event horizon, that is, Vh ^ rj^) but it does not affect the 
sign of the dominant term. For these black holes, then, it does not matter whether the 
spacetime is Einstein or not. 

Thus we see that this system respects holographic consistency, for all (physical) values 
of the parameters, in both the Euclidean and Lorentzian versions of the geometry, even 
in the non-Einstein case. It is striking, however, that in the Lorentzian case we had 
a narrow escape: the situation is saved only by the technical condition that conformal 
inhnity should have a consistent signature, expressed by the inequality (33). Again we 
see that the Lorentzian case is more delicate than its Euclidean counterpart. 


4.2 Dyonic KMV 4 with Planar or Toral Event Horizon 

The dyonic planar AdS black hole metric discussed earlier (equation (5)) can be endowed 
with angular momentum; in fact, this can be done in many ways: see [72-77] for detailed 
discussions of the mathematical and physical ramihcations of this. However, if we focus on 
the most physically interesting case, in which the boundary is conformally flat, then [38,78] 
the possibilities are enormously restricted. In essence, there are two possible families. The 
hrst was obtained in the zero-charge case by Klemm, Moretti, and Vanzo [37]; with the 
addition of electric and magnetic charges, we call these the “dyonic KMV 4 ” or “dyKMV^” 
metrics: 

.^(dyKMVO) = + ^[ujdt - dC]', (38) 

where the coordinates and parameters are as in equation (5) (with the addition of a, the 
angular momentum/mass ratio), and where 


A, 

Ap 

u 


2 I 2/2 

r + a yj , 

4 

^ - 87rMV + A7r{Q*^ + P*^), 


1 + 






+ r^A^ 
E2 


(39) 


As in the preceding section, this is an Einstein metric for any value of a, provided that 
Q* = p* = 0 . 

The second family of metrics with angular momentum and with conformally flat 
boundaries is obtained by adding a parameter similar in some ways to NUT charge: these 
are the ‘TdyKMV^’’ metrics introduced (without magnetic charge) in [38]. As they are 
rather more complicated than the dyKMV® metrics, and as they do not lead to different 
conclusions, we shall not discuss them here; see below. 
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(40) 


The electromagnetic potential form in the dyKMV^ case is 

A = -^ [{Q*r + aP*'rp)(it + {aQ*r'ip'^ - P*'ipr'^)d(] , 

P -h 

from which we see that the usual pattern of complexihcations continues to hold here. 

These black holes have a very remarkable property: like any black hole with angular 
momentum, they induce frame dragging effects in the surrounding spacetime, but here the 
frame-dragging effect persists to conformal inhnity; yet it is not a uniform rotation there, 
as it is in the topologically spherical case considered above. Instead, the frame-dragging 
mimics a shearing motion. Under some circumstances (related, as before, to the viscosity 
of the plasma), the plasma produced by a peripheral heavy-ion collision does indeed take 
the form of a shearing motion [79-81] (see [82-86] for more recent developments). Thus 
one can use the KMV metrics and their generalizations to give a holographic account of 
the internal motion of the plasma in these situations [36,38]. 

The dimensionless velocity of the shearing plasma described by the dyKMV® metric 
is given by 

v{x) = a'lp'^/L] (41) 

this corresponds to a motion within the plasma, increasing away from the '^ = 0 axis, 
which corresponds to the axis of the collision in the dual system. Causality therefore 
imposes the bound 

'll) < d! = VT/a. (42) 

Note carefully that T is just a special numerical value of the spacelike coordinate "i/l, which 
of course is never complexihed; so we must not complexify a in this formula when we pass 
to the Euclidean geometry. 

When we do move to the Euclidean case, we hnd again that V’ must still satisfy the 
inequality (42), since otherwise various pathologies will arise: for example, if (42) is not 
enforced, then the Euclidean version of can be negative at some values of r, and the 
Euclidean version of A.,/, (given by 1 — (a^-^^/L^)) is negative for some values of -0; so that, 
in particular, the coefficients of dr^ and in the “Euclidean” version of the metric will 
in that case have opposite signs, which is a contradiction. 

Thus in both cases 'ip ranges between 0 and T, so areas and volumes can now be 
evaluated accordingly: one then Ends that the Euclidean quantity ©^(r) in this case 
takes the form 


6'"(dyKMVo)(r) = <{ — y+ — - 87rM*r + 47r(-^ 




-arcsm 
a \ r 


- [4/(r=> - (rf)’) - a^4'='(r - rf)] , 


(43) 


where r® locates the Euclidean “event horizon”. As in the preceding section, numerical 
evidence strongly suggests that this function is positive everywhere beyond the Euclidean 
event horizon; one can see this directly at large r: 


6^(dyKMVo)(r) = 


6L 


■ r + 




E\2 


K) 






+ 0(l/r). (44) 
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As in the topologically spherical case, there are two terms that do not decay towards 
inhnity, the linear term being the dominant one; and clearly the function is positive at 
large r for all values of a and of the charges. But when we turn to the Lorentzian version, 
we hnd a result very different from the topologically spherical case: we have 

T — 5a^\l^^ \l/r 

6^(dyKMVo)(r) = ———r H-^ 

oL L 

G'"(dyKMVo)(r) is positive near to the event horizon of the black hole, but this expression 
shows that it is negative (in fact, unbounded below) far from it. The Lorentzian system 
is unstable for all non-zero values of all parameters. (The situation for the other family 
of metrics mentioned earlier, the f'dyKMV® metrics, is essentially the same.) 

In particular, if we focus on the Q* = P* = 0 case, we have here an example of an 
Einstein metric in the bulk which (in the Euclidean case, after compactihcation) has non¬ 
negative Yamabe invariant at inhnity, so, by Wang’s theorem, the Euclidean version of 
the system had to be consistent; but the Lorentzian version nevertheless misbehaves, for 
all values of the angular momentum, if the corresponding plasma is sufficiently long-lived. 

In fact, however, the relevant plasma here, one which is endowed with a very large 
angular momentum density, is not the cosmic plasma we considered in section 2 of this 
work; instead it is the plasma produced in a heavy ion collision. Such plasmas only 
survive for a very short time, a few femtometres/c, so it is not clear that the Lorentzian 
instability has sufficient time to manifest itself. In fact, a plasma with a violent internal 
motion might well be subject to hydrodynamic instabilities analogous to or generalizing 
the well-known Kelvin-Helmholtz instability [ 66 ] ; and it may be that such instabilities do 
in fact set in as the plasma hadronizes. Thus, we should interpret Lorentzian holographic 
consistency as an upper bound on the time during which a hydrodynamic model of the 
plasma is valid. In order to judge whether consistency is violated here, one would need to 
estimate the time required for the instability to be established. A holographic method of 
doing so was proposed in [36] (see also [38]), and in fact preliminary estimates do suggest 
that the instability time scale is approximately the same as that of hadronization. 

Again, therefore, we conclude that, while Lorentzian consistency is not (unlike Eu¬ 
clidean consistency) guaranteed in this case, in practice it does not fail — though it very 
easily might have done so. 

5. Conclusion: Consistency as a Law of Physics 

It has long been hoped that at least some of the laws of physics might be found to 
follow inevitably from the requirements of internal mathematical consistency in some 
unihed theory. We propose that Ferrari’s Euclidean consistency condition (1) should be 
considered in this manner. We have seen that doing so, and making the natural move 
of imposing the analogous Lorentzian condition, constrains a wide variety of quark-gluon 
plasmas (in particular, the quite different plasmas occurring in the early Universe and 
in heavy ion collisions) in very remarkable ways. One is struck particularly by the fact 
that observable systems repeatedly come close to violating these constraints, without ever 
actually doing so. 

In the title of this work, we asked a question: “When is Holography Consistent?”. The 
answer appears to be, “Always, at least in all of the various examples we have considered.” 


+ - 


4nM*L^ 

Th 


+ 0(l/r). (45) 
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It seems that holographic consistency, in the specihc form of the “isoperimetric ineqnality” 

(2), has the character of a law of physics. It will be interesting to investigate whether it 
continnes to hold as more data accnmnlate and in other applications. 

Acknowledgement 

BMc is gratefnl to Dr. Soon Wanmei, J.L. Mclnnes, and C.Y. Mclnnes, for helpfnl 
discnssions. YCO thanks Nordita for snpporting his travel to Singapore, where part of 
this work was completed. 


References 

[1] Veronika E. Hnbeny, “The AdS/CFT Correspondence”, [arXiv;1501.00007 [gr-qc]]. 

[2] Makoto Natsnnme, “AdS/CFT Dnality User Gnide”, [arXiv:1409.3575 [hep-th]]. 

[3] Frank Ferrari, “Gange Theories, D-Branes and Holography”, Nncl. Phys. B 880 
(2014) 247, [arXiv:1310.6788 [hep-th]]. 

[4] Frank Ferrari, “D-Brane Probes in the Matrix Model”, Nncl. Phys. B 880 (2014) 
290, [arXiv:1311.4520 [hep-th]]. 

[5] Frank Ferrari, Antonin Rovai, “Holography, Probe Branes and Isoperimetric Ineqnal- 
ities”, [arXiv: 1411.1887 [hep-th]]. 

[6] Jose P. S. Lemos, “Gylindrical Black Hole in General Relativity”, Phys. Lett. B 353 
(1995) 46, [arXiv:gr-qc/9404041]. 

[7] Robert B. Mann, “Pair Prodnction of Topological Anti de Sitter Black Holes”, Glass. 
Qnant. Grav. 14 (1997) L109, [arXiv:gr-qc/9607071]. 

[8] Rong-Gen Gai, Ynan-Zhong Zhang, “Black Plane Solntions in Fonr Dimensional 
Spacetimes”, Phys. Rev. D 54 (1996) 4891, [arXiv:gr-qc/9609065]. 

[9] Danny Birmingham, “Topological Black Holes in Anti-de Sitter Space”, Glass. Qnant. 
Grav. 16 (1999) 1197, [arXiv:hep-th/9808032]. 

[10] Nathan Seiberg, Edward Witten, “The D1/D5 System and Singnlar GFT”, JHEP 
9904 (1999) 017, [arXiv:hep-th/9903224]. 

[11] Jnan Maldacena, Liat Maoz, “Wormholes in AdS”, JHEP 0402 (2004) 053, 
[arXiv;hep-th/0401024]. 

[12] Matthew Kleban, Massimo Porrati, Rani Rabadan, “Stability in Asymptotically AdS 
Spaces”, JHEP 0508 (2005) 016, [arXiv:hep-th/0409242]. 

[13] John M. Lee, “The Spectrnm of an Asymptotically Hyperbolic Einstein Manifold”, 
Gommnn. Anal. Geom. 3 (1995) 253, [arXiv:dg-ga/9409003]. 


21 


[14] Xiaodong Wang, “On Conformally Compact Einstein Manifolds”, Math. Res. Lett. 
8 (2001) 671. 

[15] Xiaodong Wang, “A New Proof of Lee’s Theorem on the Spectrnm of Conformally 
Compact Einstein Manifolds”, Comm. Anal. Geom.lO (2002) 647. 

[16] Mingliang Cai, Gregory J. Galloway, “Bonndaries of Zero Scalar Gurvatnre in the 
AdS/GFT Gorrespondence”, Adv. Theor. Math. Phys. 3 (1999) 1769, [arXiv:hep- 
th/0003046]. 

[17] Jorge Gasalderrey-Solana, Hong Lin, David Mateos, Krishna Rajagopal, Urs 
Achim Wiedemann, “Gange/String Dnality, Hot QGD and Heavy Ion Gollisions”, 
[arXiv:1101.0618 [hep-th]]. 

[18] Mariano Ghernicoff, J. Antonio Garcia, Alberto Gnijosa, Jnan F. Pedraza, “Holo¬ 
graphic Lessons for Qnark Dynamics”, J. Phys. G 39 (2012) 054002, [arXiv:1111.0872 
[hep-th]]. 

[19] Yonngman Kim, Ik Jae Shin, Taknya Tsnkioka, “Holographic QGD: Past, Present, 
and Future”, Prog. Part. Nucl. Phys. 68 (2013) 55, [arXiv: 1205.4852 [hep-ph]]. 

[20] Oliver DeWolfe, Steven S. Gubser, Ghristopher Rosen, Derek Teaney, “Heavy Ions 
and String Theory”, Prog. Part .Nucl. Phys. 75 (2014) 86, [arXiv:1304.7794 [hep-th]]. 

[21] Romuald A. Janik, “AdS/GFT and Applications”, PoS EPS-HEP 2013 (2013) 141, 
[arXiv:1311.3966 [hep-ph]]. 

[22] Sean A. Hartnoll, Pavel Kovtun, “Hall Gonductivity from Dyonic Black Holes”, Phys. 
Rev. D 76 (2007) 066001, [arXiv:0704.1160 [hep-th]]. 

[23] Marco M. Galdarelli, Oscar J.G. Dias, Dietmar Klemm, “Dyonic AdS Black Holes 
from Magnetohydrodynamics”, JHEP 0903 (2009) 025, [arXiv:0812.0801 [hep-th]]. 

[24] Brett Mclnnes, “A Holographic Bound on Gosmic Magnetic Fields”, Nucl. Phys. B 
892 (2015) 49, [arXiv:1409.3663 [hep-th]]. 

[25] Brett Mclnnes, “Holography of Little Inflation”, Nucl. Phys. B 894 (2015) 553, 
[arXiv:1501.01759 [hep-th]]. 

[26] Edward Witten, Shing-Tung Yau, “Gonnectedness of the Boundary in the AdS/GFT 
Gorrespondence”, Adv. Theor. Math. Phys. 3 (1999) 1635, [arXiv:hep-th/9910245]. 

[27] Brett Mclnnes, “Quintessential Maldacena-Maoz Gosmologies”, JHEP 0404 (2004) 
036, [arXiv:hep-th/0403104]. 

[28] Vladimir Skokov, Alexey Yu. Illarionov, Viacheslav Toneev, “Estimate of the Mag¬ 
netic Field Strength in Heavy-Ion Gollisions”, Int. J. Mod. Phys. A 24 (2009) 5925, 
[arXiv:0907.1396 [nucl-th]]. 


22 


[29] Dmitri E. Kharzeev, Karl Landsteiner, Andreas Schmitt, Ho-Ung Yee, ‘“Strongly 
Interacting Matter in Magnetic Fields’: An Overview”, Lect. Notes Phys. 871 (2013) 
1-11, [arXiv: 1211.6245 [hep-ph]]. 

[30] Jens O. Andersen, William R. Naylor, Anders Tranberg, “Phase Diagram of QCD in 
a Magnetic Field: A Review”, [arXiv:1411.7176 [hep-ph]]. 

[31] Dmitri E. Kharzeev, “Topology, Magnetic Field, and Strongly Interacting Matter”, 
[arXiv:1501.01336 [hep-ph]]. 

[32] Alejandra Kandus, Kerstin E. Kunze, Christos G. Tsagas, “Primordial Magnetoge¬ 
nesis”, Phys. Rep. 505 (2011) 1, [arXiv: 1007.3891 [astro-ph.CO]]. 

[33] Ruth Durrer, Andrii Neronov, “Cosmological Magnetic Fields: Their Generation, 
Evolution and Observation”, Astron. Astrophys. Rev. 21 (2013) 62, [arXiv:1303.7121 
[astro-ph.CO]]. 

[34] Planck Collaboration: P. A. R. Ade et ah, “Planck 2015 Results. XIX. Constraints 
on Primordial Magnetic Fields”, [arXiv: 1502.01594 [astro-ph.CO]]. 

[35] Antonio Ortiz (for the ALICE collaboration), “Overview of ALICE Results”, 
[arXiv: 1501.05594 [hep-ex]]. 

[36] Brett Mclnnes, “Shearing Black Holes and Scans of the Quark Matter Phase Dia¬ 
gram”, Class. Quantum Grav. 31 (2014) 025009, [arXiv: 1211.6835 [hep-th]]. 

[37] Dietmar Klemm, Valter Moretti, Luciano Vanzo, “Rotating Topological Black Holes”, 
Phys. Rev. D 57 (1998) 6127; Erratum: Phys. Rev. D 60 (1999) 109902, [arXiv:gr- 
qc/9710123]. 

[38] Brett Mclnnes, Edward Teo, “Generalised Planar Black Holes and the Holography of 
Hydrodynamic Shear”, Nucl. Phys. B 878C (2014) 186, [arXiv:1309.2054 [hep-th]]. 

[39] Brett Mclnnes, “Angular Momentum in QGP Holography”, Nucl. Phys. B 887 (2014) 
246, [arXiv: 1403.3258 [hep-th]]. 

[40] Fani Dosopoulou, Fabio Del Sordo, Christos G. Tsagas, Axel Brandenburg, “Vorticity 
Production and Survival in Viscous and Magnetized Cosmologies”, Phys. Rev. D 85 
(2012) 063514, [arXiv:1112.6164 [astro-ph.CO]]. 

[41] Shinpei Kobayashi, David Mateos, Shunji Matsuura , Robert C. Myers , Rowan M. 
Thomson, “Phase Transitions at Finite Baryon Density”, JHEP 0702 (2007) 016, 
[hep-th/0611099 [hep-th]]. 

[42] Sabita Das (for the STAR collaboration), “Chemical Freeze-out Parameters in Beam 
Energy Scan Program of STAR at RHIC”, EPJ Web of Conf. 90 (2015) 10003, 
[arXiv: 1412.0350 [nucl-ex]]. 

[43] Yasuyuki Akiba et ah, “The Hot QCD White Paper: Exploring the Phases of QCD 
at RHIC and the LHC”, [arXiv: 1502.02730 [nucl-ex]]. 


23 


[44] Marcus Bleicher, Marlene Nahrgang, Jan Steinheimer, Pedro Bicudo, “Physics 
Prospects at FAIR”, Acta Phys. Polon. B 43 (2012) 731, [arXiv: 1112.5286 [hep-ph]]. 

[45] Tillmann Boeckel, Jurgen Schaffner-Bielich, “A Little Inflation in the Early Universe 
at the QCD Phase Transition”, Phys. Rev. Lett. 105 (2010) 041301; Erratum: Phys. 
Rev. Lett. 106 (2011) 069901, [arXiv:0906.4520 [astro-ph.CO]]. 

[46] Simon Schettler, Tillmann Boeckel, Jurgen Schaffner-Bielich, “The Cosmologi¬ 
cal QCD Phase Transition Revisited”, Prog. Part. Nucl. Phys. 66 (2011) 266, 
[arXiv:1012.3342 [astro-ph.CO]]. 

[47] Tillmann Boeckel, Jurgen Schaffner-Bielich, “A Little Inflation at the Cosmological 
QCD Phase Transition”, Phys. Rev. D 85 (2012) 103506, [arXiv; 1105.0832 [astro- 
ph.CO]]. 

[48] Rajiv V. Gavai, “QCD Critical Point: The Race is On”, [arXiv: 1404.6615 [hep-ph]]. 

[49] Tamas Csorgo, “Critical Opalescence: An Optical Signature for a QCD Critical 
Point”, PoS CPOD2009 (2009) 035, [arXiv:0911.5015 [nucl-th]]. 

[50] U. Heinz et ah, “Exploring the Properties of the Phases of QCD Matter - Research 
Opportunities and Priorities for the Next Decade”, [arXiv:1501.06477 [nucl-th]]. 

[51] Roman Yaresko, J. Knaute, Burkhard Kampfer, “Cross-Over Versus First-Order 
Phase Transition in Holographic Gravity-Single-Dilaton Models of QGD Thermo¬ 
dynamics”, [arXiv: 1503.09065 [hep-ph]]. 

[52] Gary T. Horowitz, “The Dark Side of String Theory: Black Holes and Black Strings”, 
in “Trieste 1992, Proceedings, String Theory and Quantum Gravity ’92”, p.55-99, 
[arXiv:hep-th/9210119]. 

[53] David Garflnkle, Gary T. Horowitz, and Andrew Strominger, “Gharged Black Holes 
in String Theory”, Phys. Rev. D 43 (1991) 3140; Erratum: Phys. Rev. D 45 (1992) 
3888. 


[54] Steve J. Poletti, David L. Wiltshire, “Global Properties of Static Spherically Sym¬ 
metric Gharged Dilaton Spacetimes with a Liouville Potential”, Phys. Rev. D 50 
(1994) 7260, Erratum: Phys. Rev. D 52 (1995) 3753, [arXiv:gr-qc/9407021]. 

[55] Steve J. Poletti, Jason Twamley, David L. Wiltshire, “Gharged Dilaton Black 
Holes with a Gosmological Gonstant”, Phys. Rev. D 51 (1995) 5720, [arXiv:hep- 
th/9412076]. 

[56] Salvatore Mignemi, David L. Wiltshire, “Black Holes in Higher Derivative Gravity 
Theories”, Phys. Rev. D 46 (1992) 1475, [arXiv:hep-th/9202031]. 

[57] Ghang-Jun Gao, Shuang-Nan Zhang, “Topological Black Holes in Dilaton Gravity 
Theory”, Phys. Lett. B 612 (2006) 127. 

[58] Shao-Jun Zhang, Elcio Abdalla, “Holographic Thermalization in Gharged Dilaton 
Anti-de Sitter Spacetime”, [arXiv: 1503.07700 [hep-th]]. 


24 


[59] Seyed H. Hendi, Ahmad Sheykhi, Mehdi H. Dehghani, “Thermodynamics of Higher 
Dimensional Topological Charged AdS Black Branes in Dilaton Gravity”, Enr. Phys. 
J. C 70 (2010) 703, [arXiv: 1002.0202], 

[60] Ted Jacobson, “When is gudvr = —1?”, Class. Qnant. Grav. 24 (2007) 5717, 
[arXiv:0707.3222 [gr-qc]]. 

[61] Yen Chin Ong, Pisin Chen, “Stringy Stability of Charged Dilaton Black Holes 
with Flat Event Horizon”, JHEP 08 (2012) 79; Erratnm: JHEP 01 (2015) 083, 
[arXiv: 1205.4398 [hep-th]]. 

[62] Brandon Carter, “Hamilton-Jacobi and Schrodinger Separable Solntions of Einstein’s 
Eqnations”, Commnn. Math. Phys. 10 (1968) 280. 

[63] Gary W. Gibbons, Malcolm J. Perry, Ghristopher N. Pope, “The First Law of Ther¬ 
modynamics for Kerr-Anti-de Sitter Black Holes”, Glass. Qnant. Grav. 22 (2005) 
1503, [arXiv:hep-th/0408217]. 

[64] Jnlian Sonner, “A Rotating Holographic Snpercondnctor”, Phys. Rev. D 80 (2009) 
084031, [arXiv;0903.0627 [hep-th]]. 

[65] Ardian Nata Atmaja, Koenraad Schalm, “Anisotropic Drag Force from 4D Kerr-AdS 
Black Holes”, JHEP 1104 (2011) 070, [arXiv:1012.3800 [hep-th]]. 

[66] Laszlo P. Gsernai, Daniel D. Strottman, Gs. Anderlik, “Kelvin-Helmholz Instability in 
High Energy Heavy Ion Gollisions”, Phys. Rev. G 85 (2012) 054901, [arXiv:1112.4287 
[nncl-th]]. 

[67] Dnjnan Wang, Z. Neda, Laszlo P. Gsernai, “Viscons Potential Flow Analysis of Pe¬ 
ripheral Heavy Ion Gollisions”, Phys. Rev. G 87 (2013) 024908, [arXiv:1302.1691 
[nncl-th]]. 

[68] Tevian Dray, George Ellis, Gharles Hellaby, Gorinne A. Manogue, “Gravity and Sig- 
natnre Ghange”, Gen. Rel. Grav. 29 (1997) 591, [arXiv:gr-qc/9610063]. 

[69] Martin Bojowald, Jaknb Mielczarek, “Some Implications of Signatnre-Ghange in Gos- 
mological Models of Loop Qnantnm Gravity”, [arXiv:1503.09154 [gr-qc]]. 

[70] Valeri P. Frolov, Igor’ Dmitrievich Novikov, Black Hole Physics: Basic Concepts and 
New Developments, Springer, 1998. 

[71] Brett Mclnnes, “Kerr Black Holes Are Not Fragile”, Nncl. Phys. B 857 (2012) 362, 
[arXiv:1108.6234 [hep-th]]. 

[72] Michael T. Anderson, Piotr T. Ghrnsciel, Erwann Delay, “Non-trivial, Static, 
Geodesically Gomplete, Vacunm Space-times with a Negative Gosmological Gon- 
stant”, JHEP 0210 (2002) 063, [arXiv:gr-qc/0211006]. 


25 


[73] Michael T. Anderson, Piotr T. Chrusciel, Erwann Delay, “Non-trivial, Static, 
Geodesically Complete, Vacuum Space-times with a Negative Cosmological Con¬ 
stant II. n > 5”, Proceedings of the Strasbourg Meeting on “AdS-CFT Correspon¬ 
dence: Einstein Metrics and Their Conformal Boundaries”, O.Biquard, V.Turaev, 
Eds., IRMA Lectures in Mathematics and Theoretical Physics, de Cruyter, Berlin, 
New York, p. 165-204, [arXiv:gr-qc/0401081]. 

[74] Keiju Murata, Tatsuma Nishioka, Norihiro Tanahashi, “Warped AdSs Black Holes 
and Dual CFTs”, Prog. Theor. Phys. 121 (2009) 941, [arXiv:0901.2574 [hep-th]] 

[75] Yves Brihaye, Jutta Kunz, Eugen Radu, “From Black Strings to Black Holes: Nuttier 
and Squashed AdSs Solutions”, JHEP 0908 (2009) 025, [arXiv:0904.1566 [gr-qc]]. 

[76] Kengo Maeda, Takashi Okamura, Jun-ichirou Koga, “Inhomogeneous Charged Black 
Hole Solutions in Asymptotically Anti-de Sitter Spacetime”, Phys. Rev. D 85 (2012) 
066003, [arXiv: 1107.3677 [gr-qc]]. 

[77] Yves Brihaye, Eugen Radu, Cristian Stelea, “Charged Squashed Black Holes with 
Negative Cosmological Constant in Odd Dimensions”, Phys. Lett. B 709 (2012) 293, 
[arXiv:1201.3098 [hep-th]]. 

[78] Brett Mclnnes, “Universality of the Holographic Angular Momentum Cutoff”, Nucl. 
Phys. B 864 (2012) 722, [arXiv: 1206.0120 [hep-th]]. 

[79] Zuo-Tang Liang, Xin-Nian Wang, “Clobally Polarized Quark-Cluon Plasma in Non- 
Central A-l-A Collisions”, Phys. Rev. Lett. 94 (2005) 102301, Erratum: Phys. Rev. 
Lett. 96 (2006) 039901, [arXiv:nucl-th/0410079] 

[80] Francesco Becattini, Fulvio Piccinini, Jose Ricardo Rizzo, “Angular Momentum Con¬ 
servation in Heavy Ion Collisions at Very High Energy”, Phys. Rev. C 77 (2008) 
024906, [ arXiv:0711.1253 [nucl-th]]. 

[81] Xu-Cuang Huang, Pasi Huovinen, Xin-Nian Wang, “Quark Polarization in a Viscous 
Quark-Cluon Plasma”, Phys. Rev. C 84 (2011) 054910, [arXiv:1108.5649 [nucl-th]]. 

[82] Laszlo P. Csernai, S. Velle, Duan Jen Wang, “Differential HBT Applied to Relativistic 
Fluid Dynamics”, Phys. Rev. C 89 (2014) 034916, [arXiv:1305.0396 [nucl-th]]. 

[83] Laszlo P. Csernai, S. Velle, “Study of Rotating High Energy Systems with the Dif¬ 
ferential HBT Method”, Int. J. Mod. Phys. E 23 (2014) 1450043, [arXiv: 1405.7283 
[nucl-th]]. 

[84] Laszlo P. Csernai, Duan Jen Wang, Tamas Csorgo, “Rotation in an Exact Hydro 
Model”, Phys. Rev. C 90 (2014) 024901, [arXiv: 1406.1017 [nucl-th]]. 

[85] Laszlo P. Csernai, H. Stoecker, “Collective Flow Clobal Collective Flow in Heavy 
Ion Reactions from the Beginnings to the Future”, J. Phys. C: Nucl. Part. Phys. 41 
(2014) 124001, [arXiv: 1406.1153 [nucl-th]]. 

[86] Laszlo P. Csernai, J.H. Inderhaug, “Study of Vorticity in an Exact Rotating Hydro 
Model”, Int. J. Mod. Phys. E 24 (2015) 1550013, [arXiv:1503.03247 [nucl-th]]. 


26 


